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In this paper, a two-degrees-of-freedom Internal Model Control structure is incorporated in production
inventory control for a supply chain system. This scheme presents an intuitive and simple parametriza-
tion of controllers, where inventory target tracking and disturbance (demand) rejection in the inventory
level problems are treated separately. Moreover, considering that the lead times are known, this scheme
presents a perfect compensation of the delay making the stabilization problem easier to handle. This con-
trol structure is formulated for a serial supply chain in two ways (by using a centralized and a decentral-
ized control approach). The behavior of these inventory control strategies is analyzed in the entire supply
chain. Analytical tuning rules for bullwhip effect avoidance are developed for both strategies. The results
of controller evaluations demonstrate that centralized control approach enhances the behavior with
respect to the inventory target tracking, demand rejection and bullwhip effect in the supply chain

systems.
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1. Introduction

A common Supply Chain (SC) includes the necessary entities to
provide the customer with goods from production centers. There
are a large number of participants, processes and randomness in
the information flow of a supply chain. Therefore, the coordination
of the supply chain becomes a key point in order to optimize the
use of its resources and compete on a global scale. There are many
aspects to look at in this complex network. One of these focuses on
the improvement of inventory management policies. The aim of
inventory management is to maintain the inventory level of each
element of the supply chain in order to satisfy the demands of its
customers. It is carried out ordering products from its immediate
supplier of the supply chain. Thus, the supply chain is modelled
as a serial process where each element orders goods to its immedi-
ate supplier. In this way, each echelon may obtain enough goods to
supply the orders of its immediate customer of the chain.

Once an order is placed on the immediate supplier, there is a
time to satisfy it; this is known as the replenishment lead time
and consists of a time period ordering delay and a time period of
physical production or distribution delay. Each participant of the
supply chain stores the goods received from its immediate supplier
which implies integrative dynamics. Moreover, since the entire
supply chain works as a serial process whose elements are only

* Corresponding author. Address: Campus UAB, 08193 Bellaterra, Barcelona,
Spain. Tel.: +34 629914556.
E-mail address: CarlosAndres.Garcia@uab.cat (C.A. Garcia Salcedo).

0377-2217/$ - see front matter © 2012 Elsevier B.V. All rights reserved.
http://dx.doi.org/10.1016/j.ejor.2012.07.029

related to its immediate downstream and upstream elements, this
kind of processes can also be described as a Multiple Inputs-
Multiple Outputs (MIMOs) system represented by a matrix with
a block-diagonal structure.

Lead times and integrative dynamics make the inventory con-
trol task harder. Therefore, they play an important role in the de-
sign of the inventory replenishment strategies. Moreover, the
MIMO nature of the supply chain system increases the complexity
of the inventories control task and helps many undesirable effects
appear when an inadequate inventory control policy is applied.
Among these ones, instability represents the main problem, which
implies that signals describing the inventory and orders can
diverge as time goes on Hoberg et al. (2007).

Another inconvenient associated to an inadequate inventory
policy is that the variability in the ordering patterns often increases
as we move up into the chain, from the customer towards the sup-
pliers and factory. This phenomenon is known as the bullwhip ef-
fect. Zhang and Burke (2011) investigate compound causes of the
bullwhip effect by considering an inventory system with multiple
price-sensitive demand streams.

Besides the stability and bullwhip effect issues, another major
problem is the possible existence of an inventory deficit (difference
between inventory target and actual inventory level), usually
called inventory drift (Aggelogiannaki and Sarimveis, 2008).

In order to overcome these problems regarding production
inventory and supply chain inventory management, replenishment
policies based on process control theory have been successfully ap-
plied. Among them, Hoberg et al. (2007) apply linear control theory
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to study the effect of various inventory policies on order and inven-
tory variability while their conditions for stability are examined by
the Jury criteria. Dejonckheere et al. (2003), Disney and Towill
(2003), and Hoberg et al. (2007), have analyzed the effect of the
replenishment policies focused on the bullwhip effect estimation
and suppression. Moreover, Lin et al. (2004) present approaches
based on Control Engineering, including proportional-integral
(PI) controllers and cascade control as inventory replenishment
policies. Balan et al. (2009), Kristianto et al. (2011), and Deshpande
et al. (2011) apply a soft computing approach (fuzzy logic based
control) to generate inventory replenishment policies. The design
of these controllers is also focused on the mitigation of the bull-
whip effect. All these approaches present an acceptable inventory
control performance with smooth information flow when is imple-
mented in a single echelon. Nevertheless, the analysis of the inven-
tory control performance of these inventory control policies on the
entire supply chain is not taken into account.

Schwartz and Rivera (2010) introduce the two degrees of free-
dom feedback and three degrees of freedom feedback-feedfordward
Internal Model Control as well as the model predictive control as a
novel inventory replenishment policy in the supply chain. The sim-
ulation results of these schemes are compared with smoothing
replenishment rule presented by Dejonckheere et al. (2003) show-
ing an important improvement in the performance of manufactur-
ing systems with a long lead time and significant uncertainty.
However, analytical tuning to guarantee bullwhip effect avoidance
is omitted. Moreover, this work is oriented to inventory control of
a single echelon instead of a complete supply chain composed by
multiple echelons.

Since the supply chain is naturally described as a multivariable
system, the generalization of the inventory control strategies to the
entire supply chain can yield insights to improve the inventory
control in an overall scale. In this way, Yanfeng and Xiaopeng
(2010) have analyzed the bullwhip effect in supply chain networks
operated with linear and time-invariant inventory management
policies. Perea-Ldopez et al. (2003) and Schwartz et al. (2006) pro-
pose the predictive control as replenishment inventory policy.
These works show that inventory control in the entire supply chain
is a current subject of research. Henceforth, in this paper we focus
on the development of an inventory control strategy for the com-
plete supply chain. The inventory control will be based on Internal
Model Control (Schwartz and Rivera, 2010; Morari and Zafiriou,
1989). An advantage of the multi-degrees-of-freedom IMC topolo-
gies is that their performance to set point tracking (i.e. meeting an
inventory target), measured disturbance rejection (i.e. meeting
forecasted demand), unmeasured disturbance rejection (i.e. satis-
fying unforecasted demand) is improved by using three indepen-
dent controllers avoiding trade-off between these problems.
Moreover, the design guidelines for a single echelon can be ex-
tended to the design of the general controller of the MIMO system.
Nevertheless, the guidelines to tune these controllers for the MIMO
case so as to avoid the bullwhip effect have not been explored yet.
Therefore, we advocate to design a multiple degrees-of-freedom
IMC scheme (Schwartz and Rivera, 2010) for the entire supply
chain (MIMO system) where the bullwhip effect is taken into ac-
count. Generally, since the demand is considered completely sto-
chastic, a feedforward degree of freedom based in the forecast of
the demand does not contribute an improvement in the behavior
of the system respect to the feedback configuration (Schwartz
and Rivera, 2010).

Therefore, in this work a two-degrees-of-freedom-feedback IMC
scheme to tackle the set point tracking (i.e. meeting an inventory
target) and unmeasured disturbance rejection (i.e., satisfying
unforecasted demand) is performed for the entire supply chain.

There are two ways to perform an IMC based inventory control
strategy for the entire supply chain: by using decentralized control,

where an independent controller is applied to each echelon of the
supply chain and by using centralized control, where a single con-
troller is applied to the entire supply chain. The decentralized con-
trol approach is suitable for supply chains where its elements
belong to different companies and do not share each others’ infor-
mation. On the other hand, when all or most of the supply chain
elements belong to the same company or share internal informa-
tion the centralized control approach would be applied.

In this work the two-degrees-of-freedom feedback IMC design
for a complete supply chain is performed by applying both decen-
tralized and centralized control strategies. Analytical guidelines to
tune the controllers for bullwhip effect avoidance in the entire sup-
ply chain under centralized and decentralized inventory control
strategies are also provided, which are not considered in previous
works. Moreover, a comparison between the performance of both
approaches is included and discussed.

The rest of the paper is formulated as follows: Section 2 pre-
sents the complete supply chain model using z-transform. As a re-
sult, a discrete Multiple Input-Multiple Output (MIMO) system is
obtained. Section 3 presents the formulation of the Internal Model
Control as a delay compensation scheme to control the inventory
level in a single echelon of supply chains. After that, the generaliza-
tion of the IMC scheme for an entire supply chain by using decen-
tralized control strategy is presented. Section 4 presents the
generalization of the IMC design for the entire supply chain with
centralized control. The paper ends with the discussion and con-
cluding remarks in Section 6.

2. Supply chain model

The model for a general supply chain is developed in this sec-
tion. For the sake of simplicity, it is assumed a period base of time
Tn =1 which can be 1 day, 1 week or 1 month according to the
dynamics of the supply chain. In this model there are N logistic
echelons between the factory and the customer. The customer is
considered the base while the factory is on the top of the supply
chain. Thus,j=1,2,...,N (where N is a finite integer) denotes each
one of the intermediate logistic echelons of the supply chain, while
j =1 represents the retailer, j = N + 1 represents the factory. Accord-
ing to this notation, (j + 1) represents an immediate supplier and
(j — 1) represents an immediate customer of the jth echelon. A
summarized list of variables is shown below:

e Bqp(t) denotes the amount of goods delivered by each logis-
tic node a to the node b.

e yj(t) is the inventory level of the jth echelon at any discrete
time instant t = nT,, where n is a natural number.

e 0;;+1(t) represents the order placed by the jth echelon to its
immediate supplier j,j + 1.

e 0j_1(t) represents the order perceived by the jth echelon

from its immediate downstream echelon j— 1, where

j—1>0.

dj(t) is the demand perceived by the jth echelon from exter-

nal customers.

Thus, the inventory balance in each echelon is given by the dif-
ference between the goods received from the immediate supplier
and the goods delivered to the immediate customer as follows:

Vi) =y;(t = 1) + B, 1;(t) — Bj;_1 (1),

Alead time L; € N is considered between the time when an order is
placed by node jth and the time when the goods are received from
the immediate supplier (Amini and Li, 2011; Aggelogiannaki and
Sarimveis, 2008; Dejonckheere et al., 2003). It is also assumed that
each node has enough existences to satisfy the demand of its

j=1,2,....N (1)
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immediate customer. In this way, the amount of goods ordered to
an immediate supplier at time ¢ will arrive at time t+1L; ie.
Bi+14(t) = 0j+1(t — L;). Therefore, the sequence of events in the supply
chain is the following:

i. At each discrete time t, the echelon jth receives the goods
ordered L; periods ago.
i. The demand dj(t) is observed and satisfied immediately i.e.
Bij-1(t) = dj(t) (i.e. there is no backlogged orders).
iii. The new inventory level of each echelon y(t), is observed.
iv. Finally, an order o;;1(t) is placed on the (j+1)th level
(upstream) according to the values of the inventory levels,
yi(t). The order-up-to-level replenishment policy based on
the Two-degrees-of-freedom feedback IMC scheme is stated
in Section 3.

—-

Thus, the Eq. (1) that relates the inventory balance with the de-
mand dj(t) and order 0;;.1(t) at node j becomes now:

Yi(t) =y;(t = 1) + 05 (t = L) — di(t), j=1,2,....N (2)

Eq. (2) is a difference equation which can be solved directly in the
time domain or by using transformation techniques. In particular,
the z-transform is the most extended one among transformations
because it transforms Eq. (2) into an algebraic equation. Then,
applying the time shifting property of the z-transform, Z{x[t — k]} =
2 *Z{x[t]} =z *X(z) to Eq. (2), where k is a finite integer, Eq. (2)
becomes:

¥i(2) =@z +05:1(2)z 5 —di(z), j=1,2,...,N 3)
Now, isolating y;(z) from (3) we get:
pj(2) P"(2)

1 L 1 .
Yi(2) = {ﬁ}z 10jj11(2) — [ﬁ} di(z) j=1,2,....N (4

which relates the z-transform of the inventory level, y;(z), with the
order and the demand only. For IMC design, pj(z) must be factored
into a minimum-phase portion:
1
m

p"(2) = 1-21 (3)
and a portion pf(z) that includes the delays of the system (Morari
and Zafiriou, 1989):
pi(z) =z (6)
The model for an echelon presented in Eq. (4) is amenable to imple-
ment some controllers that exist in literature as is shown in the last
works (Hoberg et al., 2007; Dejonckheere et al., 2003; Disney and To-
will, 2003). Moreover, an equivalent model to Eq. (4), but in continu-
ous time, is presented in Schwartz and Rivera (2010). However, these
works only consider the inventory control of one echelon while in the
present work the model is extended to the complete supply chain.

A model for the complete supply chain can be obtained consid-
ering that an order 0;_,(z) generated by a downstream echelon
j — 1is perceived and supplied by the immediate supplier j. In this
way, the multivariable model described by Eq. (7) is obtained:

¥1(2) = £25012(2) — 71 di (2)
V2(2) = £2:023(2) — 155 012(2) — 2 da(2)

Vi=1,2,....N
»
Yj(2) = 570jj1(2) — 757 05-14(2) — 51 di(2)

Remark 1. In the decentralized control strategy all echelons take
independent decisions and there is no information sharing. There-
fore, each echelon must consider this input as a disturbance. Since
in the centralized control strategy a single controller generates all
orders of the supply chain, this input becomes a control action.

The model expressed in Eq. (7) is a linear system of equations
that can be represented in a matrix form. Let the vector Y(z) = [y4(-
2),y2(2),....yn(2)]" represent the set of inventories, which are the
controlled variables, and O(z) = [012(2),023(2),. . .,0nn+1(2)]" Tepre-
sent the vector of orders, which are the manipulated variables of
the supply chain. Finally, the unknown demand signals perceived
by each echelon are represented by the vector D(z)=[d(z),
da(2),....dn(2)]"

Thus, the complete supply chain is modelled by the matrix Eq.
(8):

Y(2) = P(2)0(2) - P'(2)D(2) ®)

where the transfer function matrix that relates the set of invento-
ries Y(z) with the orders vector O(z) is given by:

Pr@p@ 0 0 - 0
-p"(z) pM@ps(z) O
P(2) = 0 0 ©
0
0 . 0 -p™z) p™(2)p%(2)

and the transfer function matrix that relates the set of inventories
Y(z) with the set of demands D(z) is represented by:

P'(z) = p"(2)1 (10)

where I is the identity matrix.
For IMC design, P(z) must be factored into a portion P4(z) that
includes the delays of the system (Morari and Zafiriou, 1989):

pi(2) 0 0 . 0
P32 -1 p3(2) 0
PP@=|pz)-1 pim-1 . 0
0
py(z) -1 @) -1 pr(@) -1 py(2)
(11)
and a minimum-phase portion given by:
1 0 0 --- 0
-1 1 0
P2 =p" (2| o 0 (12)
0
0 0 -1 1
such that
P(z) = P(2)P"(2) (13)

For control purposes, the following assumption is made in the rest
of the paper:

Assumption 1. The rational part of the system, i.e. Eq. (12), and all
the delays between each pair output/input, i.e. Eq. (11) are
known. O

Since the rational part of the system describes the balance of
material carried out in each echelon and the lead times can be
determined by (on-line) identification algorithms (Aggelogiannaki
and Sarimveis, 2008; Garcia et al., 2012), the Assumption 1 is fea-
sible in practice for the inventory control problem in the supply
chain.
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The objective of this work is to design a decentralized IMC con-
trol using the model described by Eq. (4), and a centralized IMC
control using the MIMO model represented by Egs. (8)-(10) for a
complete supply chain in order to compare the two approaches.

There are two goals for this control system: The inventory
target tracking and the demand rejection (i.e., the changes in the
demand should not affect the inventory tracking). Moreover, the
control system must satisfy these objectives avoiding aggressive-
ness in the orders (bullwhip effect).

Therefore, in the following section a two degrees-of-freedom
Internal Model Control (IMC) structure (Schwartz et al.,, 2006;
Schwartz and Rivera, 2010) for inventory control in a single eche-
lon of the supply chain is formulated in discrete-time. After that,
the design is extended to the complete supply chain. Moreover,
novel guidelines for the controllers design and bullwhip effect
formulation for an entire supply chain not taken into account in
previous works are presented.

3. Decentralized control based in the two-degrees-of-freedom
feedback IMC

The Two-degrees-of-freedom feedback IMC is shown in Fig. 1,
where 1j(z) denotes the inventory target for the control system of
each echelon, g}(z) and qj‘? (z) represent the two feedback controllers
of the scheme, p;(z) = p™(2)p{(2) is the actual dynamics of the sup-
ply chain and p;(z) = p™(2)p{(z) represents the nominal model of
the system. Each echelon may perceive demand from an external
customer of the supply chain dj(z) and orders from the down-
stream echelon of the supply chain 0;_14(z) as is shown in Fig. 1.
Since in the decentralized control approach each echelon has no
control on the downstream orders, 0;_1;(z) are added to dj(z) in a
single disturbance input 2f"(z) = (0;.1;(2) +d;(z)). Within this
structure, the problems of inventory target tracking (Inventory tar-
get tracking) and disturbance rejection (demand rejection) can be
tackled by separate controllers as it will pointed out.

When the model is exact, p;(z) = p;(z), (i.e. under Assumption
1), the lead time becomes external in closed-loop. Under these cir-
cumstances, the scheme compensates the delay and makes the
control problem easier. In order to point out this property, the
equation of inventory balance for a single echelon j under this
scheme is obtained and represented by Eq. (14):

B p"(2)pf(2)q}(2)
y(@) = ; ri(2)
1+p7(2)[pf2) - P (2)] @ 2)
_J1_ p’"(z)pf(z)q;j’(z) pd(Z) 7};"(2)
1+p7(2) [pi(2) - P (2)] ¢ 2)
j=12,...,N (14)

It can be seen in Eq. (14), that if the lead time model is known
pj(z) = Pj(z) (i.e. under Assumption 1), we get:

0.,(2) —»e—d(2)

p(e)
7, R e Aj_o/"'(Z) —P’[JT)' +>1'774y'(z>)
e ) '(fl:':z+
q)(z)

Fig. 1. Two-degrees-of-freedom-feedback IMC scheme.

¥(2) = q@p" @ 2)r(2) - (1 - P"(@)p} (2)4"(2) )P (2) ' (2)
ji=12,...,N (15)

Eq. (15) shows that the lead-time has disappeared from the denom-
inator of Eq. (14), converting the time-delay into external in closed-
loop.

The main objective of the control system is to avoid the error
between the inventory target and the inventory level, i.e.
1i(z) — yj(z) = 0. Therefore, this error for the two degree of freedom
IMC control system when pf(z) = p(z) is calculated as follows:

¢i(2) =1i(2) - y;(2) = [1 - P" (2P} (2)q; (2)]1;(2)
—|1-P"@p(2)q} (@) |p*@)v]"(z) j=1.2,....N (16)

Thereby, Eq. (16) shows that the q}(z) controller only affects the
transfer function that relates the inventory target rj(z) with the
error ej(z) (the first term of Eq. (16)). Then, the design of this con-
troller is oriented to minimize this term (inventory target tracking).
Similarly, qjd (z) only affects the transfer function that relates the dis-
turbance signal 2}"(z) with the inventory level (the second term of
Eq. (16)). Therefore, these two controllers can be designed sepa-
rately since both of them have a distinctive use and influence on
the overall closed loop response:

* qf(2) is an IMC controller designed for inventory target tracking.

. qf (z) is designed mainly to achieve the internal stability and to
satisfy the disturbance rejection objective (rejection to the
demand perceived by each echelon ¢](2)).

3.1. Bullwhip effect formulation (effect of the disturbance on the order
signal)

Besides the equation of inventory balance, the relation between
the demand perceived by the echelon and the generated orders
must be taken into account in the control design, since this relation
determines the well known bullwhip effect constraint. The bull-
whip effect can be characterized as an amplification of demand
fluctuations (2]"(z) in the decentralized control case) as one move
upwards in the supply chain. This propagation of demand fluctua-
tions is only possible when every node has sufficient stock. If there
are neither changes in the set point nor model mismatch, the rela-
tion between demand and orders to successive nodes under the
two-degrees-of-freedom-feedback-IMC is given by:

0jj11(2) = ¢/ (2)p*(2) ] (2) (17)
and the ratio of orders to successive nodes can be expressed as:
0j_1j(z . .
@1 =219 g apta)| = gt pie”)| o e 0.2m)
m
@)

(18)
where i is the imaginary unity. Lin et al. (2004) have stated that the
amplitude of demand fluctuations will not be amplified if
B <1 Vo e (0,2m) (19)

Notice from Eq. (18) that if there are neither changes in the inven-
tory target nor model mismatch, the qf controller must be designed
such that the bullwhip effect restriction Eq. (19) is satisfied. The
IMC controllers design is shown in Section 3.2.

3.2. Controllers design

Once the control system requirements are stated, the Two-de-
grees-of-freedom-feedback IMC design is oriented to satisfy them.
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The IMC design for these controllers is comprised of the following
two procedures.

3.2.1. Inventory target tracking design

For this control purpose q'(z) is designed for H,-optimal set
point tracking where the control policy is determined such that
the sum of the square error

lefl3 =>_e*(t) (20)
t=0
is minimized.
The H,-optimal problem for inventory tracking is formulated in

Schwartz et al. (2006) and Schwartz and Rivera (2010) as:

MMy 2

e L 21
: ’ pj(2)

which is the first term of Eq. (16).
The IMC solution for this problem is given by Schwartz et al.
(2006) and Schwartz and Rivera (2010):

q(2) = 2(P™(2)13(2) " {2 (B} (2)) T (2)}, (22)

where the {-}, operator denotes that after a partial fraction expan-
sion of the operand {.}, all the terms involving the poles of
(p§ (z))"! are omitted. Assuming a step change in the inventory tar-
get r;(z), the optimal controller obtained by applying this procedure
is Schwartz et al. (2006) and Schwartz and Rivera (2010):

G2 = (™™ (23)

This controller provides a well inventory target tracking but as a
result, orders are aggressive, which is unacceptable for factory
managers. Therefore, the optimal controller is augmented with a
low-pass filter in order to detune this optimal performance of the
controller by a parameter A< [0,1). In counteraction, this filter
avoids the aggressive orders. Since step changes in the inventory
target are considered, the optimal controller g;(z) for inventory tar-
get tracking at each echelon, j, is augmented with a type-1 filter
(Morari and Zafiriou, 1989) defined as:

1=z
t(z) = J 24
f@-"= (24)
The final controller is given by:
qj(2) = G;(2)ff (2) (25)

3.2.2. Controller design to step disturbance rejection in the inventory
signal

In this control problem, the q;’(z) controller is designed specif-
ically to provide a fast response of inventory level to step demand
changes (abrupt changes in the demand). As a result of the inte-
grative nature of the disturbance model p™(z) (Eq. (4)), a step
change in demand becomes a Type-2(ramp) disturbance. There-
fore the design procedure relies on solving the H,-optimal control
given by

‘ ¥i(2) ,
ming s | S| = Mingo I - @B @a @@L (26)
J 2 I u—
p;(2)

which is related with the second term of Eq. (16) where () is
consider as an step signal. For disturbance rejection, the optimal
controller is generally calculated as (Morari and Zafiriou, 1989):

G(2) = 20" (2 9]'(2) "z (p{ @) @) (D). 27)

The optimal IMC controller obtained for a ramp disturbance rejec-
tion is:
@@ =) B2l
Notice that Eqs. (18) and (19) imply that a good bullwhip
effect avoidance needs |p;(2)qf(z)| <1 while Eq. (26) requires
|pj(z)qf (z)| = 1 for step disturbance rejection in the inventory sig-
nal. Thus, the q;‘(z) controller must be designed taking into account
two opposite objectives: step disturbance rejection in the inven-
tory level and bullwhip effect avoidance. Therefore, an analytical
detuning of the q;' (z) optimal controller to obtain a trade-off be-
tween these two objectives is performed below. This analytical
detuning for IMC controllers for bullwhip effect is not explored
in previous works (Schwartz et al., 2006; Schwartz and Rivera,
2010).

(28)

e Detuning of qjd(z) for bullwhip effect avoidance

In the IMC formulation for control systems, q].d(z) is aug-
mented with low-pass filter f/(z) to detune the nominal perfor-
mance in order to satisfy a grade of stability robustness to
uncertainty in the plant. However, in the supply chain case, pro-
vided that Assumption 1 holds, these filters will be used instead
to counteract the bullwhip effect. Thereby, the nominal perfor-
mance to an step change in the demand is deteriorated but, in
exchange, high component frequencies of the demand are re-
jected in order to satisfy a grade of bullwhip effect avoidance
i.e. to satisfy Eq. (19). In the disturbance rejection case, a
generalized Type-2 filter is used to guarantee no asymptotic off-
set for both step and ramp disturbances. Moreover, two type-2
filters connected in series will be used generating a filter of
order 4:

i ((z—o2)(1 - i)z
@)= Py (29)

Thus, the final controller is given by:
a2 = @f

2
L nz=1)((dz-a2) (1-4)2)

4
z(z - A]d>
Thereby, the bullwhip restriction for the two-degrees-of-freedom-
feedback IMC scheme is given by:

S ‘((Lj +1)z-L) ((oc}z - ocjz) (1 - if)z)z
i )

Notice that, the bullwhip effect depends on the lead time L; and the
qu‘(z) parameters (/l]‘-j., ocj1 and ocjz). Since the }.}‘-’ parameter modifies
the bandwidth, this is selected so as to satisfy the bullwhip effect
condition for a determined L; value while the parameters « and
oc]? are adjusted to guarantee internal stability for this ).f value.
The gf(z) controller must be tuned such that the system has a fast
response to low frequency demand changes. Thereby, the inventory
level can be maintained. On the other hand, this controller must
limit the ratio of orders less than 1 at high frequency to guarantee
bullwhip effect mitigation.

In this way, Lin et al. (2004) have suggested to consider the fol-
lowing two factors on the magnitude ratio |y;(z)|.

= ("(2) (30)

<1 (31)

1. Bandwidth: the frequency at which the magnitude ratio (Eq.
(31)) is reduced to below 0.7. A wide bandwidth indicates a fas-
ter response but poorer bullwhip mitigation. Note that we are
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dealing with a discrete-time system. Therefore, the highest
frequency is at w = n/T,, = & since T, = 1. Thus, we can define
a term )} as the magnitude ratio given by Eq. (31) at w=7
ie. yT = y;(w = m). Since a higher y! implies a wider bandwidth
and a faster response, it results in more severe bullwhip.

2. Resonance peak (g;): the highest value of the amplitude ratio
(Eq. (31)). A higher resonance peak indicates a fast response
to low frequency demand changes (Disturbance rejection) but
the closed-loop response may be more oscillatory. Suitable set-
ting of g; ranges from 1.5 to 2.0.

The disadvantage of the controllers (PI and cascade PI) proposed
in (Lin et al., 2004) is that there is no direct correspondence be-
tween the parameters of the controllers and the bandwidth of
the magnitude ratio |yj(z)|. Therefore, that work performed an
empirical tuning for bullwhip effect based on trial and error. In
the Two-degrees-of-freedom feedback IMC scheme the bandwidth
can be manipulated directly by using of the Aj’ parameter of the
qjd(z) controller. Therefore, the application of this analytical tuning
criterion for bullwhip effect avoidance is simplified. The applica-
tion of this tuning criterion for the design of the IMC controllers
is also novel in supply chain systems.

Fig. 2 shows a tuning example for an echelon with L = 3. In this
figure, the magnitude ratio |y;(z)| for several values of ).}‘-’ is plotted.
It can be seen that for /l;’ values close to 1 the system present strong
mitigation of high frequency but low resonance peak o;. That
means a mitigation of the bullwhip effect but a sluggish response
to low frequency demand changes. On the other hand, for &f values
close to O the system present poor mitigation of high frequency
(severe bullwhip effect) but faster response to low frequency de-
mand changes or step changes (disturbance rejection).

Therefore, the following approximate tuning criterion sug-
gested by (Lin et al., 2004) to find a trade-off between fast inven-
tory tracking and bullwhip effect mitigation can be used:

Choose a controller setting with y7 < 1 and g; in the range 1.5-2.
There are several ).}‘-’ solutions based on this criteria as is shown
in Fig. 2 in solid lines. Therefore, in this work, to perform the
simulations we chose a ).jd such that yF < 1 and g; be close to 1.8.
Fig. 3 extends this criteria for delays between 1 and 10 periods of
time.

Since qf(z) must satisfy asymptotically tracking and internal
stability, the filter has to be designed in such a way that all these
requirements hold. Hence, once the /1;” parameter is selected for
the above commented trade-off, the oc} and ot]l parameters must
be adjusted so as to make the filter satisfy inventory tracking
and internal stability. For this system with a pole of multiplicity
1 at z=1, the filter has to satisfy the following conditions at z=1
(Morari and Zafiriou, 1989):

df{ (2)
fl2)=1, sz =0 (32)

Solving this system, we get a mathematical relation which relates
the o, of parameters with Af as:

=2, o =1+ (33)

After formulating the two degrees of freedom IMC scheme for a
particular jth echelon, the control system is now generalized to a
entire supply chain in a decentralized control way.

A decentralized control means that a controller is designed for
each echelon of the supply chain. The resulting diagonal controller
matrix for inventory target tracking is given by

Q'(2) = diag(qi(2), 45(2).....q}(2) (34)

In the same way, the resulting diagonal controller matrix for distur-
bance rejection is given by Eq. (35). When the decentralized control
strategy is used, the orders 0;_;(z) and dj(z) are considered as the
perturbation for the echelon j since each echelon is autonomous
to take decisions and these informations are not shared with the
rest of entities.

Q'(2) = diag(q{(2), ¢3(2)....q5(2)) (35)

Each controller gj(z) and q}.d (z) is designed independently for each
echelon using the guidelines formulated in subSection 3.2.

An alternative to the decentralized control strategy is a full cen-
tralized control approach where all information of the supply chain
is taken into account. In this approach, the entire orders vector O(z)
is designed simultaneously. This formulation is developed in
Section 4.

T T T
(_k:0.1 Excessive bullwhip
but faster response

Decreasing A: Excessive bullwhjp
but faster response 1

Frequency

Fig. 2. Frequency response of |yj(z)| with L; =3 for various Af values.
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Fig. 3. Frequency response of |y;(z)| for various L; values.

4. Centralized control strategy

The centralized control design is based on the IMC scheme
shown in Fig. 1 where the model formulated for the entire supply
chain, Egs. (11) and (10), is taken into account. Thus, the vector of
inventories, Y(z), is given by:

Y(2) = P'@P"(2Q' @R(2) - (1- P*(29)P"(2)Q"(2))P"(2)D(2) (36)

In the centralized control strategy Q(z) and Q%z) can be de-
signed for inventory target tracking and disturbance (demand)
rejection respectively by using the IMC guidelines for multivariable
(MIMO) systems.

4.1. Bullwhip effect formulation

The bullwhip effect formulation for a single echelon can be gen-
eralized for a centralized control considering the transfer function
matrix that relates the orders vector O(z) with the demand vector
D(z). Then, considering no changes in the set point and no model
mismatch, the relation between the set of demands and the set
of orders is given by:

0(2) = P'(2)Q"(2)D(2) (37)

The generalization of the magnitude ratio of orders to successive
nodes y for a multivariable (MIMO) system under a centralized
strategy can be expressed as:

IT'(2)| = P(2)0Q"(2)| = [P(€)Q"(e")| w € [0,2m) (38)

where the magnitude ratio is calculated component-wise. Thus, the
demand signals perceived in the supply chain will not be amplified if:

Fje®) <1 i=1,2,....N j=1,2,....Nwe[0,2m) (39)

In this case, the bullwhip effect implies that each demand signal
represented by d; introduced in the system is not amplified to sub-
sequents suppliers represented by 0;;+1(z). Therefore, the bullwhip
effect can be analyzed component-wise since each component of I"
contains the relation between each pair dj(z),0;;.1(z). Thus, in the

centralized control approach multiples demand signals are taken
into accounti.e. dj(z) # 0j=1,2,...,N. After formulating the inven-
tory control system in a centralized control way, the controller
matrices Q(z) and Q9(z) will be designed in subSection 4.2.

4.2. Controllers design

Notice from Eq. (36) that Q(z) only affects the relation between
Y(z) and R(z) as well as Q“(z) only affects the relation between Y(z)
and D(z). Therefore these controllers can be designed separately.
The design procedure is presented below:

4.2.1. Inventory target tracking design
For inventory target tracking Q(z) is designed to solve the H,-
optimal MIMO problem given by

ming, [1 - P*2)P" (2)Q' @R (@), (40)

where the vector R(z) contains the set of inventory targets rj(z) for
the entire supply chain. Assuming a step change in the inventory
target, the optimal IMC controller is:

10 -0

~ 11 -

Q@=eret (41)
1 - 1 1

The optimal controller Qf(z) for inventory target tracking must
be enhanced with a low-pass filters bank in order to degrade the
fast response of this controller to changes in the inventory targets
obtaining less aggressive orders. Thus, Qf(z) is augmented with a
low-pass filter bank given by:

F(z) = Diaglfi(2), f,(2).....fn(2)] (42)

where each one type 1 filter fj(z) appearing in Eq. (42) is defined by
Eq. (24). Thus, the final controller is:

Q'(2) = Q'(2)F (43)
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4.2.2. Design for disturbance rejection

The two-degrees-of-freedom-IMC scheme allows us to specify
the system response to demand changes by using the Q%(z) control-
ler. As a result of the integrative nature of the inventory process, a
step change in demand becomes a Type-2(ramp) disturbance.
Therefore the design procedure relies on solve the H,-optimal con-
trol given by

minga, |1 - P (2)P*(2)Q"(2)]P!(2)D(2)|, (44)

The IMC controller that solve this problem for a ramp disturbance

z

(e (ly) 0 0
)

1 (A+Ly+Ly)z—(Li+Lp)  (A+Lp)z— (L) . :

d z z : .

V@)= ' ‘ ' (45)
B - 0

(1+327n)z- () (ly g +ly)z—(Iy 1 +ly)  (1+Ly)z—(Ly)
z z z

Since the optimal controller for disturbance rejection yields strong
variability in the orders, the bullwhip effect is also a restriction to
be taken into account in the Q%(2) controller design. Therefore, novel
guidelines to detune Q4(z) controller to satisfy bullwhip effect con-
straint are shown below.

e Detuning of de(z) for bullwhip effect avoidance

Since each demand signal is related with each order, the detun-
ing must be done component-wise with a low-pass filter. Each one
of the low-pass filters appearing in Eq. (46) is defined by Eq. (29).
Thus, the filter matrix is given by:

fli@ 0 0
Fd(z): f§1(z) fzd.z(z) (46)
: - 0
Ig‘l () - IG,N—l (2) fiy@

Therefore, the final controller can be obtained using the Schur prod-
uct (or component-wise product), in the form:

Q'(2) =Q%z) - F (47)

The tuning criterion applied in a single echelon in Section 3.2 is
also considered in the centralized control, in this case component-
wise. Thus, we chose A,Cj’ values such that each I'jj(w = n) < 1 and oy

close to 1.8 which determines the bandwidth and resonance peak
of each component of the magnitude ratio of orders respectively.

Fig. 4 presents an example of the tuning of the Ag for the com-
plete supply chain according to this tuning criterion. Notice that
each component of Fig. 4 represents the magnitude ratio of an or-
der 0j:1(z), Vj=1, 2,...,N respect each demand signal dj(z),
Vvj=1,2,...,N. Moreover, all components can be designed at once.
In this case, the actual delays are also considered known and
Li=L=31,=01,=3,L[3=1;=3.

Section 5 evaluates the basic supply chain with three echelons
(N = 3), under a decentralized and centralized control ways in order
to show the behavior respect to the inventory target tracking, de-
mand rejection and bullwhip effect avoidance.

5. Controller evaluation

Since the Two-degrees-of-freedom feedback IMC scheme
decouples the inventory tracking from the demand rejection and
bullwhip effect avoidance, the simulations are performed in two
different subsections. SubSection 5.1 is oriented to evaluate the
inventory target tracking and subSection 5.2 evaluates the rejec-
tion to demand and bullwhip effect mitigation. In this last situa-
tion, the behavior of the decentralized control approach is
performed assuming no changes in the inventory tracking.

5.1. Evaluation of the inventory target tracking

In this case of study, the performance of the two-degrees-of-
freedom-feedback-IMC to inventory tracking, under the decentral-
ized and centralized control strategies is evaluated for a step
change in the setpoints (Inventory targets). In the simulations, no
customer demand is considered and the actual lead times knowl-
edgeisassumed,ie. Iy =L; =3, [, =L, =3, L3 = L3 = 3.Itis also
considered an initial inventory of 100 unities in each echelon and
suddenly a deterministic step change of 100 unities in each inven-
tory target from t =20 and onwards is introduced.

For the decentralized and centralized control strategies the /11?
parameter can take values in the interval [0,1), where O implies
that the optimal controllers behavior are not deteriorated while
1 correspond to the worst degradation case of this optimal control-
lers behavior. In this simulation, the inventory tracking perfor-
mance in a supply chain composed by three echelons under both
strategies is evaluated for /1} =0.2,0.5 and 0.8. In general, it can
be seen in Figs. 5 and 6 that for values of 2} close to zero, with both

d,(2) dy(2)

Fig. 4. Tuning of 43 for the entire supply chain.
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Fig. 5. Inventory responses to step changes in the inventory targets.
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Fig. 6. Orders of the echelons in response to changes in the inventory target. (a) Orders of echelon 1. (b) Orders of echelon 2. (c) orders of echelon 3.

strategies, the first echelon presents a fast response to the changes orders are smoothed. Therefore, a trade-off between these two
in the setpoint but aggressive orders are generated, which is unac- behaviors is possible if the i} parameter is moved from zero to one.
ceptable for factory managers. For }.; values close to 1 the system In the second and third echelons, although the same

presents a slow response to the changes in the setpoint but the Z} = 0.5,0.5 and 0.8 values are applied, the behavior is deteriorated
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significantly in the decentralized control strategy. That is, consid-
erable overshoot in the inventory response to a setpoint change
is presented as is shown in Fig. 5b and c. This is a result of the
application of decentralized control strategy since the echelon con-
trolled has no information of the dynamics of the chain. On the
other hand, by modifying /1; parameters of the controller Q(z) from
0 to 1, the trade-off between a faster response of inventory to a
step change in the inventory target and a smoothing of orders
can be done for all supply chain. Fig. 5d-f shows that, the central-
ized control approach does not exhibit overshoot for any 2‘ values
when it is subjected to inventory target changes in the entire sup-
ply chain. Orders changes in response to inventory target changes
can be less abrupt, consequently decreasing inventory holding
costs, smoothing factory operations, and improving profitability.

In order to provide a quantitative evaluation of strategies per-
formance to inventory tracking, the Integral Absolute Error (IAE)
which is the cumulative difference between the controlled variable
(inventory level) and its set point value (inventory target) is intro-
duced below:

IAE = 3"(1(6) (1) (48)
t=0

Values of IAE close to zero means improvement in the performance
to inventory tracking. In this way, Table 1, contains the values of IAE
for the decentralized and centralized control strategies with the
}j =0.2,0.5 and 0.8 values. This table shows that the centralized
control obtains lower values of IAE when a supply chain with more

Table 1
IAE for the decentralized and centralized control strategies.

than 1 echelon is considered. These results confirm that the central-
ized control strategy improves the performance to inventory track-
ing in the entire supply chain.

5.2. Evaluation of disturbance (demand) rejection and bullwhip effect
avoidance

As it is stated in Sections 3 and 4 the design of the controllers
for disturbance rejection (qJ‘? (z) and Q¥(2)) are restricted by the bull-
whip effect condition. In this work the IMC scheme uses the Af
parameter to degrade the optimal disturbance rejection obtain a
trade-off between the disturbance rejection and bullwhip effect
mitigation objectives. In order to show the systems performance
to disturbance rejection, a step change in the demand is applied
from time instant ¢ = 20 and onwards. On the other hand, for bull-
whip effect evaluation, a stochastic variability in the customer de-
mand dj(z) is applied to the systems from time instant t =60 and
onwards. The customer demand is formulated as a normal func-
tion, with a average equal to 20 and a variance equal to 1, i.e.
€N(20,1).

On the one hand, for the decentralized control strategy the
zf = 0.695 value is used according to the bullwhip tuning proposed
in Section 3.2. Figs. 7 and 8 show the system behavior to the distur-
bance input. Again, the analytical tuning works for the first eche-
lon, as is shown in Figs. 7 and 8a since the bullwhip effect is
mitigated and an acceptable inventory response to step change
in the demand is obtained. For the subsequent echelons 2 and 3
the performance to disturbance rejection and bullwhip effect
avoidance are deteriorated. Fig. 7b and ¢ shows that an overshot
in the inventory level appears for the second echelon and onwards.
The demand fluctuations in the echelons 2 and 3 are amplified

Strategy Decentralized Centralized (bullwhip effect) as is shown in Fig. 8b and c. Therefore, the
A-02 4-05 1-08 £-02 1-05 A-08 appl}catlon of the detuning fgr bullyvhlp gffgct mlFlgatlon in .each
particular echelon proposed in Section 3 is inefficient to mitigate
Echelon1 325 400 700 325 400 700 the bullwhip effect in the entire supply chain with a considerable
Echelon2 1127 1164 1201 625 700 1000 ber of echel This behavior i It of th licati ¢
Echelon 3 2136 2154 2034 925 1000 1300 number of echelons. This behavior is result of the application o
decentralized control strategy. An alternative to solve this problem
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Fig. 7. Inventory behavior to changes in the demand assuming no changes in the inventory target.
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Fig. 8. Orders responses to changes in the demand assuming no changes in the inventory target.

Table 2
Ratio of the variance of the order rate to the variance of the demand rate (BW).
Strategy Decentralized Centralized
24 =74 =24=0695 24, =0695 /4, =084; 24, =0.89
Var(o12(t)) 1.07 1.07
Var(d, ()
Var(033(t)) 1.62 0.46
Var(d, (t))
Var(03 4(t)) 3.22 0.32

Var(d; (£))

is to apply a significant detuning echelon by echelon mitigating
progressively the bullwhip effect. In this case, an analytical
trade-off is no possible. Since in this paper the main point is to
compare the decentralized and centralized strategies, this analysis
is proposed for future works.

On the other hand, Fig. 7 also shows that the centralized control-
ler Q9(z) with the Ag- values given in Fig. 4 provides a fast recupera-
tion of inventory without overshoot in the first echelon. The second
and third echelons present sluggish recuperation of inventory, that
is due to the detuning for bullwhip mitigation. Fig. 8 shows that
with the centralized control design, the overshots in the orders in
response to a step change in the demand is slower than for the
decentralized strategy. Moreover, this strategy presents a better
bullwhip effect mitigation echelon by echelon in comparison with
the decentralized strategy. Therefore, a trade-off between a fast re-
sponse to the demand and bullwhip effect avoidance in the entire
supply chain is available by the centralized control strategy.

There are several measures of the bullwhip effect proposed in
the literature (Dejonckheere et al., 2003). The most common
measure is the ratio of the variance of the order rate to the variance

of the demand rate, i.e. BW = m%m' where BW values less

than or equal to one means a total mitigation of bullwhip effect.
Therefore, in Table 2, BW is calculated for the entire supply chain
under the decentralized and centralized control strategies. The re-
sults confirm that the decentralized control strategy is effective in

the first echelon but deteriorates dramatically echelon by echelon
while in the centralized control strategy, the control of bullwhip
effect is more effective echelon by echelon.

6. Discussion and conclusions

The proposed scheme allows us to tackle the two problems of
inventory target tracking and demand rejection with two control-
lers separately. That is an advantage to other replenishment inven-
tory policies based on control theory proposed in the literature
(Hoberg et al., 2007; Jaksic and Rusjan, 2008; Balan et al., 2009;
Dejonckheere et al., 2003). However, optimal tuning of these con-
trollers produce aggressive orders that are unacceptable for factory
managers. Then, two trade-off must be taken into account in the
design of these controllers for inventory management in the supply
chain, (Inventory target tracking vs. aggressive orders mitigation
for the Q'(z) design) and (Demand rejection vs. bullwhip effect mit-
igation for the Q%(z) design). Previous works have analyzed these
issues in a particular echelon. In this paper, these two control is-
sues have been analyzed in the entire supply chain, under the
decentralized and centralized control approaches. Since the inter-
est of this work is to perform a comparative analysis between
the decentralized and centralized control strategies in closed loop,
forecasting demand which are feedforward schemes used to adjust
the inventory target are excluded of the analysis. The analysis of
appropriate schemes to adjust dynamically the inventory target
are proposed for future works.

6.1. Inventory target tracking vs. aggressive orders mitigation for the
Q'(z) design

In the decentralized control approach based on multi-degree-
of-freedom controller, the performance to inventory target
tracking is optimal in the first echelon. That is, there is no over-
shoot in the inventory level when is subjected to inventory target
changes. However, for the rest of the echelons, there are significant



272 C.A. Garcia Salcedo et al./European Journal of Operational Research 224 (2013) 261-272

overshoots in the inventory response to an inventory target change
which lead to a large spike in factory orders that is unacceptable
for factory managers.

Since in the centralized control approach the controller for the
entire supply chain is designed at once, the controller performance
to inventory target tracking holds for all echelons. Therefore, the
detuning of optimal controller to smooth the aggressive orders
must be stronger for the decentralized control approach than for
a centralized control approach.

6.2. Demand rejection vs. bullwhip effect mitigation for the Q%(z)
design

Respect to the trade-off between the demand rejection and the
bullwhip effect mitigation in the Q%(z) design, the tuning proposed
by (Lin et al., 2004) for a single echelon is generalized in this work
for the entire supply chain. Again, in the decentralized control ap-
proach this tuning works well in the first echelon. However, in the
second echelon and onwards, the performance to bullwhip effect
mitigation under this tuning is deteriorated. Since, in the central-
ized control approach the tuning for bullwhip effect mitigation is
applied in each component of the I matrix, the tuning for bullwhip
effect mitigation works successfully in the entire supply chain.

As is mentioned in the introduction, a decentralized control ap-
proach is more intuitive and easier to implement. Moreover, it is
more suitable for supply chains where its elements belong to dif-
ferent companies and do not share information. Nevertheless, its
performance to inventory target tracking and demand rejection
and bullwhip effect mitigation of this controller can be deterio-
rated significantly in supply chains with several echelons and
interactions.

On the other hand, when all or most of the supply chain ele-
ments belong to the same company or share internal information
the centralized control approach is the more suitable. The IMC con-
trol scheme simplifies the design controllers for the multivariable
system allowing to generalize the design guidelines for an echelon
of the supply chain to multiple echelons in a decentralized and
centralized control ways. Simulations shown in Section 5 evidence
the improvement in the performance to inventory target tracking
disturbance rejection and bullwhip effect mitigation provided by
a centralized control implementation with information sharing.
Therefore, the information sharing and the centralization of the
inventory control are recommended in all cases where it is
possible.
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